If a phase transition is allowed to take place in the core of a compact star, a new stable branch of equilibrium configurations can appear, providing solutions with the same mass as the purely hadronic branch and hence giving rise to "twin-star" configurations. We perform an extensive analysis of the features of the phase transition leading twin-star configurations and, at the same time, fulfilling the constraints coming from the maximum mass of 2 M and the information following gravitational-wave event GW170817. In particular, we use a general equation of state for the neutron-star matter that parametrizes the hadron-quark phase transition between the model describing the hadronic phase and a constant speed of sound for the quark phase. We find that the largest number of twin-star solutions has masses in the neutron-star branch that are in the range 1-2 M and twinbranch masses 2 M . The analysis of the masses, radii and tidal deformabilities also reveals that when twin stars appear, the tidal deformability shows two distinct branches with the same mass, thus differing considerably from the behaviour expected for neutron stars. In addition, we find that the data from GW170817 is compatible with the existence of hybrid stars and could also be interpreted as produced by the merger of a binary system of hybrid stars or of a hybrid star with a neutron star. Indeed, the presence of a hybrid star in the inspiral phase can be established clearly if future gravitational-wave detections measure chirp masses M 1.2 M and tidal deformabilities of Λ1.4 400 for 1.4 M stars. Finally, combining all observational information available so far, we set constraints on the parameters that characterise the phase transition, the maximum masses, and the radii of 1.4 M stars described by equations of state leading to twin-star configurations.
I. INTRODUCTION
Compact stars have been the subject of great attention over the years as natural laboratories for testing the different phases of matter under extreme conditions. Depending on the type of matter in their interior, several possibilities for their nature have been postulated: strange quark stars, (pure) neutron stars or hybrid stars. Whereas strange quark stars are made of deconfined quark matter [1] [2] [3] [4] [5] , pure neutron stars are composed of hadrons [6] [7] [8] [9] . Hybrid stars are compact stars with a core consisting of quark matter and outer layers of hadronic matter [10] [11] [12] [13] [14] [15] [16] [17] [18] . Present and future observations of neutron-star features, such as masses, radii and tidal deformabilities, will help to constrain the equation of state (EOS) in the high-density regime in the upcoming years.
High-precision measurements, obtained using postKeplerian parameters, have shown that the EOS of neutron stars must be able to support masses of 2 M [19] [20] [21] . The radii, on the other hand, are more difficult to be determined observationally. The uncertainties in the modeling of the X-ray emission result in different radii determinations, which still lay in a rather wide range. Several astrophysical analyses for the extraction of the radii [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] are favouring small values, mostly in the range of 9-13 km. High-precision X-ray space missions such as the ongoing Neutron star Interior Composition ExploreR (NICER) [39] or the future enhanced X-ray Timing and Polarimetry Mission (eXTP) [40] are expected to offer precise and simultaneous measurements of masses and radii. Also promising constraints on the massradius relation are expected to be obtained from gravitational waves and multi-messenger astronomy [41] [42] [43] [44] [45] [46] .
The recent detection by the Advanced LIGO and Virgo collaborations [47, 48] of gravitational waves from merging compact stars, GW170817, has provided important new insights on the maximum mass and on the radius of neutron stars by means of the measurement of tidal deformabilities in a binary system [41, [43] [44] [45] [46] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] . We recall that the tidal deformability measures the induced quadrupole moment of a star in response to the tidal field of its companion, i.e., it determines how easily a star is deformed in a binary system [59] . This quantity is therefore strongly correlated with the properties of the phases of matter in the compact-star interior and that are described by the EOS.
In fact, a number of works have explored the possibility of using the detection of GW170817 to probe the occurrence of a hadron-quark phase transition (HQPT), finding that GW170817 could indeed be explained in terms of the coalescence of neutron stars and hybrid stars [51, 54, [60] [61] [62] [63] [64] [65] [66] [67] . We also recall that depending on the features of the phase transition between the inner quark core and outer hadronic parts of the hybrid star, twin-star solutions might appear as the massradius relation could exhibit two stable branches with similar masses [68] . Indeed, information from gravitational waves can also be exploited to better understand the twin-star scenario [54, 60, 62, 64, 66] .
We here present a systematic and detailed study of the features of the HQPT in order to obtain twin-star configurations and, at the same time, fulfil the 2 M observations and the information on multi-messenger observation of the GW170817 event. Our results show that the GW170817 event can be explained as either the merger of a binary hybrid-star system or as the merger of a hybrid star with a neutron star. We place constraints on the parametrization of the HQPT so as to be consistent with the GW170817 information and obtain the resulting allowed ranges for the maximum mass M ↑ TOV and radius of a 1.4 M star. We note that in a very recent work, Han and Steiner [67] investigate the sensitivity of the tidal deformability to the properties of a sharp HQPT, not necessarily producing twin stars, and report that a smoothing of the transition has appreciable effects only for central densities close to the onset of the quark phase. In our work we evaluate in more detail the similarities and differences between a model with a sharp phase transition and a model allowing for a mixed phase of hadrons and quarks in the context of twin stars and we particularly show that with a non-sharp HQPT twin-star solutions are harder to be found and the parameters characterizing the transition are better constrained.
The article is organized as follows. In Section II we describe the details of the general two EOS models used through the work that implement HQPTs using a Maxwell (sharp) or a Gibbs (smooth) construction, while in Section III we present our constraints for the HQPT parameter space, as well as the mass, radius and tidal deformability of binary neutron stars. Our conclusions and outlook are summarized in Section IV.
II. MODELS OF THE EQUATION OF STATE
In this exploratory work we systematically construct two classes of physically plausible EOSs of the neutron-star matter. In particular, for the "low-density" region of the inner core we make use of EOSs that share the same properties of an hadronic EOS recently discussed in Refs. [69, 70] , whereas for the inner and outer crust we employ the EOS of Ref. [71] . For the "high-density" region, on the other hand, we consider two distinct models that provide a different parametrization of the HQPT, assuming either a "Maxwell construction" or a "Gibbs construction" (referred to as Model-1 and Model-2 EOSs below). Finally, the quark phase is modelled using a parametrization with a constant speed of sound (CSS). The two models are described below.
A. Hadronic EOS
For the hadronic phase we use the FSU2H EOS of Refs. [69, 70] , which is a recent relativistic-mean field (RMF) model based on the nucleonic FSU2 model of [72] that considers not only nucleons but also hyperons in the inner core of neutron stars by reproducing the available hypernuclear structure data [73] [74] [75] [76] [77] [78] [79] . This scheme reconciles the 2 M mass observations with the recent analyses of radii below 13 km for neutron stars [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] , while fulfilling the saturation properties of nuclear matter and finite nuclei [72, 80] , as well as the constraints extracted from nuclear collective flow [81] and kaon production [82, 83] in heavy-ion collisions. Moreover, cooling simulations for isolated neutron stars using the FSU2H model are in very good agreement with observational data [84] . [69, 70] up to the point where the HQPT is implemented, giving rise to a phase of deconfined quark matter which can be separated from the nuclear (or hadronic) phase by a mixed phase of hadrons and quarks. We note that the actual fractions of nucleons/hyperons and quarks u, d, s in the mixed and quark phases cannot be determined with the parametrizations used in this work.
The particle fractions as functions of the baryonic density for the FSU2H model are shown in Fig. 1 up to a density ρ tr , where the HQPT is implemented. As already seen in Refs. [69, 70, 84] , the first hyperon to appear is the Λ particle, followed by Ξ − and Σ − , as beta-equilibrium and charge conservation are fulfilled taking into account the most plausible hyperon potentials extracted from hypernuclear data.
B. High-density EOS
As the density is increased, hadrons might undergo deconfinement, liberating quarks and enabling the existence of a quark-matter core. Although the low temperature and large chemical potential regime occurring in neutron-stars interiors is still far from being well understood, two frameworks have been mainly used in the literature to describe quark matter in compact objects: the MIT bag model and the NambuJona-Lasinio (NJL) model. A simpler description assuming a density-independent speed of sound mimicking these sophisticated models was first investigated in [85] [86] [87] .
Due to its simplicity, the phenomenological CSS parametrization is well-suited for the systematic investigation of EOSs with twin stars developed in this paper. The value c 2 s := ∂p/∂e = const = 1, where p and e are respectively the pressure and internal energy density [88] , has been previously used in Refs. [60, 87, 89, 90] . We have checked that the lower value c 2 s = 1/3 provided by perturbative QCD calculations [91] does not give rise to EOSs with twin stars that satisfy the > 2 M maximum-mass constraint. Yet, simply setting c 2 s = 1 allows us to carry out the extended analysis that will be presented in the following sections.
C. Phase Transition
The first-order transition between the hadronic and the quark phases is attained by either a Gibbs or a Maxwell construction. In the former case, the transition is modelled with a polytrope p(ρ) = K m ρ Γm to account for a mixed soft phase of hadrons and quarks [92, 93] , and has been investigated in view of the recent gravitational-wave observations [61] . The latter, on the other hand, is equivalent to a Γ m = 0 polytrope, generates a sharp transition between the low-and high-density phases, and has been widely used in recent works, e.g., Refs. [51, 60, 62, 67, 87, 90] . However, if the surface tension of the deconfined quark phase has moderate values, a mixed phase between the pure hadronic and pure quark phases is expected to be present. The construction of such a continuous HQPT, where charge is only globally conserved, depends on the properties of the pure hadronic and quark models and, additionally, on possible effects of pasta structures within the mixed phase. As a result, the amount to which the EOS is softened at the beginning of the mixed phase is quite uncertain (see e.g., [94] ) and we have used a value of Γ m = 1.03 to mimic this effect. The choice of a different value for Γ m entails little modification of the EOS that does not affect significantly the discussion in the following sections. We have checked that increasing/decreasing Γ m by ∼ 2% can shift the energydensity jump ∆e up to a ∼ 5% higher/lower values at a given transition pressure p tr of the parameter space of Model-2 discussed below.
D. Summary of the EOS models
In view of the considerations above, the adoption of the two types of phase transition will gives rise to the following two models where the relation between the specific internal energy and the pressure, e(p), is given by:
with c 2 s = 1.
• Model-2: The values of the polytropic constant K m and the coefficient a m are obtained by ensuring that p and e are continuous at the transition points. We note that in the Gibbs construction an energy-density jump ∆e is not explicitly defined. In this case, we assign to its value the increase in e(p) during the mixed phase (see Fig. 2 ). The possible models for the EOSs are schematically shown in the upper panel of Fig. 2 , where one can clearly see the comparison between Model-1 and Model-2 EOSs. In the lower panel of Fig. 2 we display the square of the speed of sound (in units of the speed of light), noting that in both cases it fulfils the causal condition of c 2 s ≤ 1. Also shown in Fig. 2 is the case in which the speed of sound is set to reach the perturbative QCD limit c 2 s = 1/3 for quark matter above a certain energy density, e(p QCD ). Finally, Fig. 2 also reports the case in which there is a softer EOS for the quark matter right after the phase transition. Following Refs. [51, 60] , this is modelled with a polytrope similar to that of the mixed phase [middle piece of Eq. (2) with K m → K q and a m → a q , guaranteeing the continuity of p and e after the phase transition], which is then combined with a CSS parametrization with c 2 s = 1 in the high-density quark phase. Before discussing in the next section the similarities and differences of the various models discussed above, it is useful to remark that our construction of a HQPT is not based on the "strange matter hypothesis" [95, 96] for which the strangequark phase is the true ground state of elementary matter. Under such an assumption, the underlying EOS would separate in two different branches describing neutron star and pure quark Schematic behaviour of the mass-radius relation for the twin-star categories I-IV defined in the text. Note the appearance of a "twin" branch with a mixed or pure-quark phase; the twin branch has systematically smaller radii than the branch with a nuclear or hadronic phase. The colors used for these categories will be employed also in the subsequent figures.
matter and as a consequence, a neutron star would transform into a pure-quark star after exceeding a certain deconfinement barrier [97] [98] [99] [100] . This scenario is normally referred to as the "two-families" scenario and is different from the twinstar scenario, where the two branches of compact stars are described by a single EOS.
III. RESULTS

A. Parameter Space
In order to analyse the implications of the EOS models discussed in the previous section on the masses, radii and tidal deformabilities of twin-star solutions, we vary the two free parameters of the models: the density at which the phase transition to the mixed phase takes place, ρ tr , and the density discontinuity (Model-1) or density extension of the mixed phase (Model-2) up to the pure quark phase, ∆ρ. This is also equivalent to setting the transition pressure, p tr , and the energy-density jump, ∆e. We note that the mass density ρ in the quark phase is obtained from Eqs. (1)- (2) together with the thermodynamic relation at zero temperature [88] 
so as to use the values of ρ QCD of the order of those displayed in Fig. 7 of Ref. [101] when discussing the density at which the perturbative QCD limit is reached.
To allow for a wide range of EOSs, the parameter space analyzed is ρ tr ∈ [1.4 − 6.5] ρ 0 and ∆ρ ∈ [0.2 − 3.0] ρ 0 with variations of 0.1 ρ 0 , where ρ 0 is the nuclear saturation density.
We recall that by using the maximum masses in the two branches, twin-star solutions can be classified in four the distinct categories shown schematically in Fig. 3 :
where M TOV and M TOV, T are the maximum masses of the branches with large ("normal-neutron-star" branch) and small radii ("twin" branch), respectively, of a nonrotating neutron star obtained by solving the Tolman-Oppenheimer-Volkoff (TOV) equations. Since our aim is to focus on those configurations that allow for maximum masses larger than 2 M while having a twin-star solution, we will not consider those cases where the EOSs lead to twin-star solutions that violate the M ↑ TOV := max{M TOV , M TOV, T } ≥ 2.0 M constraint. Similarly, EOSs that do not produce twin stars will also be rejected from our analysis. Figure 4 shows the parameter space in the ∆e-p tr plane for EOS models having either a Maxwell construction (upper panels) or a Gibbs construction (lower panels) for the phase transition. From the left to the right, we vary the density ρ QCD at which the asymptotic perturbative c 2 s = 1/3 limit in the quark-matter phase is reached.
Only the combinations of parameters within the shaded regions correspond to EOSs that allow for a twin-star configuration together with M ↑ TOV ≥ 2.0 M , with different colors referring to Categories I-IV. The solid line in the top panels of Fig. 4 corresponds to the limiting condition for hybrid stars appearing in the normal-neutron-star branch, which can be derived by performing an expansion in powers of the size of the quark-matter core [87, [102] [103] [104] , written in the following form:
For combinations of parameters above the Seidov line (4), the sequence of stars will become unstable immediately after the central pressure reaches the value p c = p tr , i.e., the stars in the normal-neutron-star branch will be purely hadronic, while the ∆e [MeV fm combinations below the line correspond to solutions for which the normal-neutron-star branch can support hybrid stars (with quark core) before turning unstable. This condition, however, is not fullfilled when we allow for a mixed phase, as we shall see in the next section. Note also that the circles and squares in the figure identify the specific cases studied more in detail below. Fig. 4 it is evident that Model-1 and Model-2 are the most effective EOSs in fulfilling both requirements, as shown by the corresponding largest coverage of the ∆e-p tr parameter space. Moreover, since it is not yet clear at what value of ρ QCD /ρ 0 the asymptotic perturbative QCD limit takes place, our analysis hereafter will be focused on Model-1 and Model-2 EOSs only. For these two cases, Categories I (purple areas) and III (blue) are easily produced. Twin-star solutions of Category II (orange) also appear in both models, although the area filled in the parameter space is rather small, while twin stars of Category IV (green) are abundant for the Model-1 EOSs, but become more difficult to be found for Model-2 having the Gibbs construction.
When inspecting
By analyzing Model-1 [Model-2] EOSs we observe that, in order to reach 2 M in the normalneutron-star branch for Categories I-II, we need p tr > 180 MeV fm −3 [160 MeV fm −3 ]. Twin-star solutions of Category II are located in the same range of p tr occupied by those of Category I (see Fig. 4 ), but at slightly higher values of ∆e. We recall that the two classes of solutions differ in whether the twin branch is above (Category I) or below (Category II) the 2 M value (see Fig. 3 ). In fact, using our two EOS models, these two categories are difficult to be differentiated since the values of the maximum masses for the two branches lie within a rather small range, i.e., 1.95 M M TOV, T 2.05 M 1 . Twin-star solutions of Category IV appear for very low values of p tr (i.e., p tr 25 MeV fm −3 [15 MeV fm −3 ]), as required in order for the maximum mass of the normal-neutronstar branch to be below the 1 M value. Twin stars of this category are indeed unlikely to exist because the mass in the normal-neutron-star branch is much lower than the canonical value of 1.4 M and this would imply that all neutron stars 1 When using our hadronic EOS we obtain twin-star solutions in the twin branch that in Category I/Category II do not have maximum masses much larger/smaller than the observational constraint, i.e., M TOV, T 2 M for Category I and M TOV, T 2 M for Category II. On the other hand, the use of a stiffer EOS can make these differences larger, as shown in Ref. [90] . Finally, we show in Fig. 5 the ∆e-p tr parameter space for models with a Maxwell (upper panels) and Gibbs (lower panels) phase transition that implement for the quark phase a polytrope p(ρ) = K q ρ Γq , combined with a constant speed of sound parametrization when c 2 s = 1. In this case, we find that the parameter space increases with increasing polytropic index. The higher the polytropic index, the stiffer the EOS and, hence, the easier is to find twin-star solutions with M ↑ TOV ≥ 2.0 M . By comparing the ∆e-p tr parameter space of Model-1 and Model-2 EOSs in Fig. 4 with the corresponding space in Fig. 5 , we conclude that EOSs of Model-1 and Model-2 are still the most effective in providing twinstar configurations and masses ≥ 2.0 M .
B. Masses and Radii
A selection of the possible M -R relations obtained for Model-1 and Model-2 EOSs is displayed in the upper two panels of Fig. 6 . Each curve in a given panel shows the M -R relation for a given twin-star category, with the corresponding values of ∆e and p tr being provided in the rightmost upper and lower panels of Fig. 4 , where the red circles single out the values plotted in Fig. 6 . Note that by using the same color palette as in Fig. 2 , we show with different colors in the various M -R curves the composition of the innermost region of the star: light blue for neutron stars entirely composed of nucleonic matter, dark blue if the central pressure is large enough to allow for the appearance of hyperons, orange if there is an inner core of mixed matter surrounded by a hadronic-(or nuclear-) matter mantle, and red for the hybrid star composed of a quark-matter core and a mantle of hadronic (or nuclear) matter, separated by a mixed-phase region within Model-2. Dashed lines in grey correspond to unstable configurations.
With these considerations, one can readily appreciate the multiplicity of possibilities concerning masses, radii and internal structures for each of the twin stars obtained with our two EOS models. We note that for Categories I-II, the allowed p tr 160 MeV fm −3 region seen in Fig. 4 results in a nearly flat twin mass-radius branch, as noted in Ref. [90] . Also, for values of p tr similar to those in Category I, higher values of ∆e in Category II (see Fig. 4 ) are responsible for unstable regions separating the two stable branches that are larger in Category II than in Category I. This is due to the fact that a larger ∆e produces heavier quark cores, with the subsequent greater gravitational pull on the nuclear mantle, so that the twin branch takes longer to stabilize [87, 93] . Moreover, as discussed in the previous section, Fig. 6 shows the existence of hybrid-star solutions in the normal-neutron-star branch for Model-2 allowing for a mixed phase in contrast with the Seidov limit; this clearly illustrates that the limit is valid only for models with a Maxwell construction for the phase transition.
An interesting quantity to consider across the different twin-star categories and the EOS models is the radius difference between the two equal-mass twin stars, ∆R. In Ref. [90] values of ∆R as large as 4 km were claimed to be possible. This radius difference would allow for the distinction
Model
Normal-neutron-star branch Twin branch of the two stars given that a few per cent accuracy might be expected in future determinations of the radius, either via electromagnetic emissions [105] or via gravitational waves [106] . However, we here find that the largest difference is ∆R ∼ 1.6 km, that corresponds to twin stars of Category II in the Model-1 EOSs. This is most certainly due to the different hadronic EOS here, which is softer than that employed in [90] . Finally, we note that for Category III, which is possibly the most interesting case as it can accommodate twin stars with masses around 1.4 M , the largest difference in radii is ∆R ∼ 0.8 km, thus making it more difficult to distinguish the two types of stars.
C. Tidal deformabilities
The tidal deformability is a property of the EOS that is in principle measurable via gravitational-wave observations of binary neutron-star inspirals, as done with the recent GW170817 event [47] . It is therefore interesting to explore the behaviour of the tidal deformability for different EOSs that allow for the appearance of twin stars. This is done in the lower panels of Fig. 6 , which report the dimensionless tidal deformability Λ as a function of the mass of the neutron star for the same selection of EOSs as in the upper panels. From the figure it is clearly seen that Λ spans several orders of magnitude for different EOSs.
With regards to the dimensionless tidal deformability for the reference star with a mass of 1.4 M , i.e., Λ 1.4 , we observe a considerable difference between EOSs that exhibit a phase transition at low densities (such as Category IV) and at high densities (Categories I-II) for the two models considered. More specifically, a reference 1.4 M star with a dense core of quark matter in Category IV has Λ 1.4 ranging from a few tens to a few hundreds, while a 1.4 M pure hadronic neutron star in Categories I-II has Λ 1.4 = 760. The differences in the values of Λ 1.4 can be explained by the different compactnesses of the stars. We recall, in fact, that Λ ∝ k 2 C −5 , where C := M/R is the stellar compactness. On the other hand, k 2 ∝ C −1 in the mass range of typical neutron stars [59, 107] , so that Λ ∝ C −6 . Therefore, for the same total mass of 1.4 M , stars with a quark-matter core have smaller radii and, hence, larger compactness or, equivalently, smaller values of Λ 1.4 .
When considering the case of Category III, we obtain twin stars with masses around 1.4 M . These configurations have a core of mixed or pure quark matter with a radius for the star between the radius for Categories I-II and Category IV. Thus, the value of Λ 1.4 lies between the values for Λ 1.4 in Categories I-II and Category IV. The inset in the left panel shows in greater detail the behaviour of Λ(M ) around the phase transition for an EOS of Category III that is of particular interest because it holds stars with masses of 1.365 M in both branches and will be further discussed in Section III D. We note that using the detection of GW170817, Ref.
[47] derived and upper bound Λ 1.4 ≤ 800 (corrected later to ≤ 900) upon the GW170817 event, that was later on reanalyzed to be 300 +420 −230 [48] . However we note that this constraint is obtained by expanding Λ(M ) linearly about M = 1.4 M , and from Fig. 6 we can see that if the twin branch appears at M ∼ 1.4 M this approach is no longer valid and the upper bound on Λ 1.4 could be further decreased, as shown in Refs. [51, 54, 60] . In fact, Ref. [51] has shown that the lower limit on Λ 1.4 is decreased from Λ 1.4 ≥ 375 to Λ 1.4 ≥ 265 (at 2-σ level) when allowing for a phase transition.
In Table I we report the range of values for the maximum mass, radius (R 1.4 ) and tidal deformability for a 1.4 M star for Model-1 and Model-2 EOSs in Category III, both in the normal and in the twin branch. Moreover, for completeness, we also show the ranges for these quantities coming from four representative EOS models, that have been computed using the Maxwell or Gibbs construction for the phase transition and taking into account the two different descriptions of the quark-matter phase discussed in Section III A. We observe a larger variance for R 1.4 and Λ 1.4 , for both Model-1 and Model-2 EOSs in both branches, and which can be understood in terms of the larger ∆e-p tr space of parameters (cf., Sec. III A). Thus, as mentioned before, we will restrict our attention to Model-1 and Model-2 EOSs when performing the analysis of the tidal deformabilities of neutronstar binaries.
D. Tidal deformabilities and GW170817
In order to compare directly with the observational analysis from the GW170817 event [47] , we considered a binary system with a chirp mass M : 
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Model-2 spectively, plotting the 50% and 90% credibility regions for the low-spin scenario |χ| ≤ 0.05 given in Refs. [47, 57] . This is shown in The different color lines in Fig. 7 are related to the nature of each of the components, with the labels having the following meaning: NS for a purely hadronic neutron star, HS for a hybrid star with a core of mixed and/or quark matter in the "normal-neutron-star" branch, and HS T for a hybrid star with a quark core in the "twin" branch, with the first label referring to the massive component of the binary (M 1 ) and the second to the less massive (M 2 ) separated by a long dash. Allowing for all these possibilities, there can be up to eight lines in the Λ 1 -Λ 2 plane (see legend of Fig. 7) . However, not all of them are produced by each of the EOS models at a given M. This is reported in Fig. 8 , which shows the minimum value of the chirp mass for which at least one of the components of the binary before the merger is in the twin branch as a function of the values of the transition pressure and energy-density jump of the EOSs of Category III for the Model-1 EOSs (upper panels); left and right panels refer to mass ratios of q = 1.0 and q = 0.7, respectively. In full similarity, same quantities are shown in the lower panels for the Model-2 EOSs. As expected, the lower the transition pressure, the lower the chirp mass, given that it is easier to populate the twin branch for low transition pressures. Note that the lowest value for the chirp mass is 0.6 M and that for q = 1 higher chirp masses are needed to have one of the components in the twin branch when compared with the q = 0.7 case. This is because for unequal-mass binaries, it is easier for the high-mass component to be on the twin branch.
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For the EOSs that allow for twin stars of Categories I-II (not shown in Fig. 7) , for which the mass of the twins is significantly larger than that of the components in GW170817, only the hadronic part of the EOS is reported for Λ i ∈ [0, 3000] and only the NS-NS (purple) line is shown. The opposite limiting case corresponds to EOSs that allow for twin stars of Category IV (not shown in Fig. 7 ) and hence with very low masses. For this case, both components of the binary system are located in the twin branch, producing only lines of the type HS T -HS T (light blue) in the Λ 1 -Λ 2 plot, with Λ 1 < 200 for both models. On the other hand, in the case of EOSs with twins stars of Category III, the range of possibilities is larger, mostly due to the existence of twin stars with masses similar to those of the GW170817 binary (M 1 = M 2 = 1.365 M in the equal-mass limit). Indeed, as shown in Fig. 7 , Model-1 and Model-2 EOSs show clear differences with regards to the number of possible scenarios.
The general considerations made above can be made more specific starting, in particular, from EOSs of Model-1 (left panel of Fig. 7 ). In this case, for an EOS with a HQPT at high transition pressure (i.e., with p tr 80 MeV fm −3 in Fig. 4 ), only the NS-NS sequence (purple line) is found. If the phase transition takes place at lower densities (40 MeV fm −3 p tr 80 MeV fm −3 ), the twin branch contains hybrid stars with a mass that is low enough to hold the high-mass component of the binary. In this case, when M 1 ≈ M 2 both stars are in the normal-neutron-star branch, but as M 1 is increased (and M 2 decreased to keep M constant) it jumps to the twin branch and the NS-NS sequence (purple line) connects with a HS T -NS (pink lines) line. On the other hand, EOSs with a low transition pressure HQPT (i.e., with p tr 50 MeV fm There is in addition a particular case in which the value M 1 = M 2 = 1.365 M is contained within the range of masses of the twin stars produced. This is indeed what happens for some EOSs in Model-1, as it can be appreciated in the inset of the third panel in Fig. 6 . In this case, we can have both components of the binary in the normal-neutron-star branch (marked as • and • in Fig. 6 ), both in the twin branch ( and in Fig. 6) ; alternatively, we can have the high-mass star in the twin branch and the low-mass star in the normalneutron-star branch ( and • in Fig. 6 ) and also the high-mass star in the normal-neutron-star branch and the low-mass star in the twin branch (• and in Fig. 6 ). These configurations are marked in the left panel of Fig. 7 
respectively as: NS-NS (purple lines), HS T -HS T (dashed light-blue lines), HS T -NS (dashed pink lines) and NS-HS T (dashed dark-blue lines).
Also noticeable is that this last extra NS-HS T sequences (dashed dark-blue lines) appear in the otherwise empty Λ 1 > Λ 2 region. For EOSs not producing twin stars and given that M 1 > M 2 , one has C 1 > C 2 and, hence, Λ 1 < Λ 2 , so it is usually not possible to have solutions in the Λ 1 > Λ 2 area. However, this does not hold for EOSs giving rise to twin stars, since in this case the high-mass star can be less compact than the low-mass one, as seen in the inset of Fig. 6 for the
• and cases. This type of pairs, where the heavier star is also less compact, has been named "rising-twins" pair in Ref. [108] ; by definition, therefore, rising twins can only appear with EOSs that allow for twin stars and their existence is not allowed by any other kind of EOS of compact stars. In summary, if the EOS allows for rising twins of masses M 1 and M 2 < M 1 , tied together by a given value of the chirp mass M, there must be a line in the Λ 1 > Λ 2 side of the plot. Indeed, in Ref. [66] it was suggested that this is the case so long as 0
As a consequence, since only EOSs producing twin stars can access the region with Λ 1 > Λ 2 for M 1 > M 2 , any experimental indication that the binary occupies this region of the Λ 1 -Λ 2 space would be a strong evidence for the existence of twin stars. Other EOSs with a HQPT but not generating twin stars would show similar lines in the Λ 1 < Λ 2 region as those displayed in the left panel of Fig. 7 . In this case, one might expect all the lines of stable configurations connected to one another, but the Λ 1 > Λ 2 would be unattainable. This situation was analyzed in Ref. [64] for polytropic EOSs with a CSS parametrization of the quark phase and different values of the energy-density jump.
A similar discussion can be made for the Model-2 EOSs and is shown in the right panel of Fig. 7 . The variety of lines (colors) increases because of the possibility of a star in the normal-neutron-star branch having a core of hadronquark mixed phase and hence qualifying as HS. Several previous works have also studied the possibility of explaining the GW170817 event with the coalescence of pure neutron stars and hybrid stars [54, [60] [61] [62] [63] [64] [65] [66] [67] , although only some of them considered the possibility of twin stars [54, 60, 62, 64, 66] . In Ref. [60] , in particular, NS-NS and HS T -NS merger combinations were considered. It was then shown that a HQPT can soften the EOS making it compatible, even for a stiff hadronic EOS, with the GW170817 observations. In particular, the authors found that GW170817 is consistent with the coalescence of a HS T -NS binary.
Similarly, in Ref. [62] , the GW170817 event was interpreted as the merger of either a HS T -NS or a HS T -HS T binary and actually disfavoured a NS-NS scenario. This was mostly due to the stiffness of the hadronic EOS employed, that made a neutron-star merger incompatible with the compactness expected from GW170817. More recently, Ref. [66] has interpreted the GW170817 event as the merger scenario of either a NS-NS, a NS-HS T , or HS T -HS T binary, where all three merger scenarios can be potentially plausible within a single EOS. This finding is in agreement with the conclusions presented here, although in our study we have performed a more detailed analysis of the merger scenarios in which we have also varied the parameters characterizing the phase transition (i.e., ∆e and p tr ), while considering both Maxwell and Gibbs constructions for the phase transition, i.e., having NS, HS and HS T configurations.
Finally, Ref. [67] has very recently explored the sensitivity of the tidal deformability to the properties of a sharp HQPT, not necessarily producing twin stars, finding that a smoothing of the transition will not have distinguishable effects. We find that this is not the case when twin-star solutions and masses above 2 M have to be produced, as clear differences in masses, radii and tidal deformabilities can be appreciated when comparing our Model-1 and Model-2 EOSs in Figs. 4, 6 and 7.
E. Constraining twin stars with GW170817
The properties of the phase transition, which are contained in the two free parameters ∆e and p tr , can be constrained using the observational information on tidal deformabilities of the GW170817 event. Moreover, given an allowed space of parameters for ∆e and p tr , the predictions for the maximum mass and the reference radius R 1.4 can be further restricted by taking into account the limits set on the maximum mass and reference radius after the detection of GW170817.
In what follows we discuss how to constrain twin-star models with GW170817 and we start by studying the values of ∆e and p tr as a function of the weighted dimensionless tidal deformabilityΛ of a neutron-star binary [47, 109, 110] Λ := 8 13
where η := M 1 M 2 /M 2 is the symmetric mass ratio, M := M 1 + M 2 is the total mass of the binary, and where, in the equal-mass case,Λ = Λ. Figure 9 reports the ranges in ∆e and p tr for the Model-1 (left plot) and Model-2 (right plot) EOSs yielding twin stars of Category III, as a function ofΛ for a chirp mass M = 1.188 M (left panels of each plot). In addition, we also show results for a higher chirp mass of M = 1.5 M (right panels of each plot), so as to have access to larger M 1 and M 2 masses closer to the 2 M limit.
For the Model-1 EOSs, in particular, we use two different values of the mass ratio q := M 2 /M 1 = 0.7 (i.e., M 1 = 1.64 M , M 2 = 1.14 M for M = 1.188 M , and M 1 = 2.07 M , M 2 = 1.45 M for M = 1.5 M ) and q = 1 (i.e., M 1 = M 2 = 1.36 M for M = 1.188 M and M 1 = M 2 = 1.72 M for M = 1.5 M ), which correspond to the constraints set by the analysis of the LIGO/Virgo data in Refs. [47, 55] . For the Model-2 EOSs, instead, we use q = 0.7, 1 for M = 1.188 M , whereas we take q = 0.8, 1 for M = 1.5 M (note that a maximum mass of 2 M is reached easier for a Model-1 EOS than for a Model-2 EOS, as . In these plots, together with the constraints on tidal deformability, we display a lower horizontal band coming from the lower limit of 2 M observations [19, 20] as well as recent constraints on the maximum mass of ∼ 2.16-2.17 M from multi-messenger observations of GW170817 [41, 44] .
seen in Fig. 4 ). This is due to the presence of the Gibbs mixed phase that softens the EOS for the transition region (by contrast, the Maxwell construction leads to the stiffest EOS parametrization in the quark phase). By increasing q to 0.8, we have access to a value of M 1 = 1.93 M , slightly below 2 M and thus easier to be found within Model-2. In the case of M = 1.188 M , we also show with vertical lines the LIGO/Virgo upper limit ofΛ = 800 [47] , as well as the improved analysis of Ref. [48] , which gives of 70 <Λ < 720. Lastly, we also report the conclusions of Ref. [51] , which provides the lowest value of Λ 1.4 for a star with a phase transition, i.e., Λ 1.4 > 35.5 (at 2-σ level); this last estimate is better suited for comparison with our q = 1 results, for which Λ = Λ 1.365 ≈ Λ 1.4 .
In summary, Fig. 9 shows that, in agreement with [60, 62, 66] , a HQPT softens the EOS so as to make it compatible with the GW170817 event, allowing for HS T -HS T configurations, while HS T -NS solutions for q = 0.7 are also permitted. Such constraints also allow for HS T -HS configurations at q = 0.7 for a Model-2 EOS. The global parameters of the HQPT (p tr and ∆e) are thus constrained by GW170817 to be in the range Note that for a larger M = 1.5 M , a larger range of ∆e and p tr parameters is found for both models with lower values ofΛ up to ∼ 220. In a similar manner, the plots of Fig. 10 display the maximum mass (upper panels) and minimum radius for a 1.4 M star (lower panels) for the Model-1 (left plot) and Model-2 (right plot) EOSs as a function ofΛ for the same NS and HS/HS T configurations and at the same mass ratios in the plots of Fig. 9 . Note that as in Fig. 9 , the left panels for each plot in Fig. 10 refer to M = 1.188 M , while the right ones to M = 1.5 M .
Together with the previous constraints on the tidal deformability shown in Fig. 9 , we display in Fig. 10 the excluded range of masses up to the 2 M limit coming from 2 M observations [19] [20] [21] , as well as recent constraints on the maximum mass of ∼ 2.16-2.17 M from multi-messenger observations of GW170817 [41, 44] . We note that for the Model-2 EOSs, and q = 0.7 and M = 1.188 M , the HS T -HS T , HS T -HS and HS T -NS configurations satisfy the maximum-mass constraints for the whole range of values of ∆e and p tr . On the other hand, for the Model-1 EOSs (again with q = 0.7 and M = 1.188 M ), the HS T -HS T and HS T -NS solutions satisfy the constraint for less than 50% of the parameter space, further requiring the energy-density jump to be ∆e ∈ [245, 395] MeV fm −3 . A similar behaviour for a M = 1.5 M is seen, although in this case we cannot impose any constraint onΛ.
As for the limits on the radius of 1.4 M , several works have reported values for stars of a given mass [46, [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] and we have collected them in Table II . Also, we recall that in Ref. [64] it was found that the minimal radius that can be produced on a twin branch lies between 9.5 and 10.5 km. This result was obtained using a set of relativistic polytropes and When concentrating on the predictions of this work, we note that for the allowed configurations of type HS T -HS T and HS T -NS with mass ratio q = 0.7 and for the Model-1 and Model-2 EOSs, we find that 10 < R 1.4 /km 13 and that 10 < R 1.4 /km 12.5 when considering only HS T -HS T solutions; similarly good agreements with previous investigations can be found when considering HS T -HS binaries with q = 0.7 and the Model-2 EOSs. On the other hand, larger radii closer to 13 km are reached when M = 1.5 M for HS T -HS T configurations for both Model-1 and Model-2 EOSs.
A summary plot of our results is given in Fig. 11 , where we show the maximum mass, M ↑ TOV , the minimum radius of a 1.4 M star, R ↓ 1.4 , and the minimum tidal deformability for the same star, Λ ↓ 1.4 as a function of the values of the transition pressure and energy density of twin stars of Category III for the Model-1 (upper panels) and Model-2 EOSs (lower panels). With shaded areas we indicate the parameter space allowed by the GW170817 as analysed in Fig. 9 .
Overall, we find that M ↑ TOV 2-2.1 M are commonly generated for both models, whereas R 100 are produced for transition pressures well below p tr = 50 MeV fm −3 , i.e., ρ tr = 2.4ρ 0 . If such small radii and tidal deformabilities are confirmed by future measurements, the HQPT would imply that hyperons exist in a very narrow region of the interiors of neutron stars. In the case of the FSU2H model [69, 70] , only the Λ particle would be present, since it appears at ρ = 2.2 ρ 0 (see Fig. 2 ). Hence, our results indicate that if future detections of gravitational waves from LIGO/Virgo determine values of Λ 1.4 400 and, at the same time, chirp masses M 1.2M , the inspiral phase will have the imprint of a HQPT with a low transition pressure (see Fig.  8 ). Otherwise, it will be difficult to distinguish during the inspiral whether one of the components of the binary is a HS, as a HQPT with transition pressures above 50 MeV fm −3 might be indistinguishable from no phase transition.
IV. CONCLUSIONS AND OUTLOOK
We have performed an extensive and detailed analysis of the features of the hadron-quark phase transition that is needed in order to obtain twin-star configurations and enforcing, at the same time, the constraint on the minimum value of the maximum mass, i.e., M TOV 2 M and the information on multi-messenger observation of the GW170817 event. In our analysis we have employed two general EOS models for the neutron-star matter, i.e., Model-1 and Model-2 EOSs, that share the same description for the hadronic EOS, but take into account a parametrization of the hadron-quark phase transition assuming either a Maxwell or a Gibbs construction, combined with a constant speed of sound (CSS) parametrization
